
optimal transport for applied mathematicians

optimal transport for applied mathematicians is a powerful mathematical framework that has
gained significant attention in recent years for its broad applications across various scientific and
engineering disciplines. This theory provides a rigorous way to compare and transform probability
distributions, which is essential in fields like economics, machine learning, fluid dynamics, and
image processing. Applied mathematicians leverage optimal transport to solve complex problems
involving resource allocation, shape analysis, and data interpolation by minimizing a cost function
that measures the "distance" between distributions. This article explores the foundational concepts,
computational approaches, and practical applications of optimal transport, emphasizing its
relevance and utility for applied mathematicians. Readers will gain insights into the mathematical
formulation, numerical methods, and emerging research trends, enabling a comprehensive
understanding of optimal transport's role in applied mathematics.
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Fundamental Concepts of Optimal Transport
The theory of optimal transport originates from the problem of finding the most cost-effective way to
move mass from one distribution to another. At its core, optimal transport seeks to minimize the
total transportation cost, which is typically defined through a cost function reflecting the distance or
effort required to relocate mass. This concept dates back to the 18th century with the work of
Gaspard Monge and was later rigorously reformulated by Leonid Kantorovich in the 20th century.
For applied mathematicians, understanding the fundamental notions such as transport plans, cost
functions, and the Wasserstein distance is crucial for applying optimal transport techniques
effectively.

Transport Plans and Measures
Transport plans describe how mass is redistributed from an initial probability measure to a target
measure. These plans are formalized as joint probability measures on the product space,
representing all possible couplings between the source and target distributions. The existence and
uniqueness of optimal transport plans depend on the properties of the cost function and measures
involved.



Wasserstein Distance
The Wasserstein distance, often called the earth mover’s distance, quantifies the minimal cost
associated with transporting one probability measure to another. It serves as a metric on the space
of probability distributions and has become a fundamental tool in statistics, machine learning, and
applied mathematics for comparing distributions.

Cost Functions
Cost functions encode the expense of moving mass between points in the underlying space. Common
choices include Euclidean distance raised to a power, which yields different Wasserstein distances.
The selection of an appropriate cost function is critical for modeling real-world phenomena
accurately.

Mathematical Formulation and Properties
The mathematical foundation of optimal transport is established through the Monge and Kantorovich
formulations. These provide the framework for analyzing existence, uniqueness, and stability of
solutions, which are pivotal for theoretical and practical applications.

Monge’s Problem
Monge’s formulation seeks a deterministic map that transports one distribution onto another while
minimizing the total cost. This problem is often challenging due to the requirement that the map
pushes forward one measure exactly onto the other, which may not always be possible.

Kantorovich’s Relaxation
Kantorovich introduced a relaxed formulation allowing for transport plans that can split mass,
making the problem convex and more tractable. This relaxation leads to a linear programming
problem whose solution provides an optimal coupling between distributions.

Duality and Optimality Conditions
Duality theory plays a central role in optimal transport, linking primal transport problems with dual
optimization problems. These dual formulations enable efficient computation and provide insight
into the structure of optimal plans through potential functions.

Computational Methods for Optimal Transport
Applied mathematicians require efficient numerical algorithms to solve optimal transport problems
in high-dimensional and large-scale settings. Various computational techniques have been developed
to address these challenges.



Linear Programming Approaches
Classical solutions to Kantorovich’s problem rely on linear programming solvers. While exact, these
methods become computationally prohibitive for large problems due to their complexity.

Entropic Regularization
Entropic regularization introduces an entropy term to the objective function, smoothing the problem
and allowing for fast iterative algorithms such as the Sinkhorn algorithm. This approach balances
accuracy and efficiency, making it popular in machine learning applications.

Approximation and Sampling Techniques
To handle massive datasets, approximation methods including stochastic optimization and sampling-
based techniques are employed. These methods reduce computational burden while maintaining
acceptable solution quality.

Algorithmic Summary

Exact linear programming solvers for small to medium-scale problems

Sinkhorn algorithm for entropically regularized transport

Stochastic gradient methods for large-scale optimization

Multi-scale and hierarchical algorithms for high-dimensional data

Applications in Applied Mathematics
Optimal transport has become an indispensable tool in various applied mathematics domains due to
its ability to analyze and manipulate probability distributions with geometric and statistical rigor.

Data Analysis and Machine Learning
Optimal transport provides robust metrics for comparing datasets, improving clustering,
classification, and generative modeling. It underpins algorithms in domain adaptation,
dimensionality reduction, and deep learning architectures.



Image Processing and Computer Vision
In image analysis, optimal transport facilitates tasks such as color transfer, shape matching, and
texture synthesis by modeling images as distributions and computing minimal transformation costs.

Economics and Resource Allocation
Economists utilize optimal transport to model market equilibria, resource allocation problems, and
matching markets, where minimizing transportation costs corresponds to optimizing economic
outcomes.

Fluid Dynamics and Physical Sciences
Optimal transport theory models mass redistribution in fluid flows and phase transitions, offering
insights into the dynamics of physical systems and enabling numerical simulation of complex
phenomena.

Recent Advances and Research Directions
Research in optimal transport continues to evolve, driven by new theoretical discoveries and
computational breakthroughs. These developments expand its applicability and deepen
understanding of its mathematical properties.

Generalized Transport Models
Extensions of classical optimal transport include unbalanced transport, where mass conservation is
relaxed, and multi-marginal problems involving more than two distributions, addressing more
complex scenarios in applications.

Connections with Partial Differential Equations
Optimal transport is closely linked to nonlinear PDEs such as the Monge-Ampère equation, enabling
the use of PDE techniques to study transport problems and vice versa.

Machine Learning Integration
Innovations integrate optimal transport with neural networks and probabilistic modeling, enhancing
generative models, domain adaptation, and interpretable machine learning methods.



Scalable Algorithms and Software
Ongoing work focuses on developing scalable and parallelizable algorithms, along with open-source
software implementations, to facilitate wider adoption of optimal transport methodologies.

Frequently Asked Questions

What is optimal transport and why is it important for applied
mathematicians?
Optimal transport is a mathematical theory that studies the most efficient ways to move and
transform distributions of mass or probability. It is important for applied mathematicians because it
provides powerful tools for solving problems in economics, machine learning, image processing, and
fluid dynamics by quantifying distances between probability measures.

What are the key mathematical concepts underlying optimal
transport?
The key concepts include cost functions, transport plans, Monge and Kantorovich formulations,
Wasserstein distances, and duality theory. These concepts allow the formulation and solution of
optimization problems that minimize transportation cost between distributions.

How does the Wasserstein distance differ from other distance
metrics?
Wasserstein distance measures the minimal cost of transporting one probability distribution to
another, taking into account the geometry of the underlying space. Unlike metrics such as total
variation or KL divergence, it reflects the actual 'movement' of mass, making it sensitive to the
spatial arrangement of data.

What are some common numerical methods used to solve
optimal transport problems?
Common numerical methods include linear programming approaches, the Sinkhorn algorithm for
entropic regularization, gradient descent on Kantorovich duals, and multiscale algorithms. The
Sinkhorn algorithm has gained popularity due to its computational efficiency and scalability.

How is optimal transport applied in machine learning?
Optimal transport is used in machine learning for domain adaptation, generative modeling (e.g.,
Wasserstein GANs), clustering, and comparing probability distributions. It helps in aligning datasets
from different domains and improving model robustness.



What challenges do applied mathematicians face when
working with optimal transport?
Challenges include computational complexity for high-dimensional data, choosing appropriate cost
functions, dealing with noisy or incomplete data, and extending theory to dynamic or unbalanced
transport problems. Efficient algorithms and approximation techniques are active research areas.

Can optimal transport be used in image processing
applications?
Yes, optimal transport is used in image processing for tasks such as color transfer, image
registration, texture mixing, and morphing. It provides a principled way to compare and transform
images based on their pixel intensity distributions.

What are some recent advancements in optimal transport
theory relevant to applied mathematics?
Recent advancements include development of scalable algorithms like entropic regularization,
extensions to unbalanced and dynamic transport, integration with deep learning frameworks, and
applications to large-scale data analysis. These make optimal transport more accessible and
practical for applied problems.

Additional Resources
1. Optimal Transport: Old and New
This comprehensive book by Cédric Villani offers an in-depth exploration of the theory of optimal
transport. It covers both classical results and recent advances, making it a fundamental reference
for applied mathematicians interested in the rigorous mathematical foundations and applications of
optimal transport. The text balances theory with examples from economics, physics, and geometry,
providing a broad perspective on the subject.

2. Computational Optimal Transport
Authored by Gabriel Peyré and Marco Cuturi, this book focuses on the numerical methods and
algorithms used in optimal transport. It is highly relevant for applied mathematicians working on
computational challenges, including machine learning and data science applications. The book
presents practical approaches alongside theoretical insights, making it accessible for those
implementing optimal transport in real-world problems.

3. Optimal Transport Methods in Economics
This book explores the applications of optimal transport theory within economics, covering topics
such as matching markets and resource allocation. It provides applied mathematicians with models
and examples that connect transport theory to economic phenomena. The text is valuable for those
interested in interdisciplinary applications of mathematical concepts.

4. Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs, and Modeling
This text introduces optimal transport from the perspective of applied mathematics, emphasizing
connections to partial differential equations and variational methods. It is designed for readers who
want to understand how optimal transport integrates with broader mathematical modeling



techniques. The book includes exercises and examples to aid comprehension.

5. Gradient Flows in Metric Spaces and in the Space of Probability Measures
Written by Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré, this book delves into the theory of
gradient flows in the Wasserstein space, a central concept in optimal transport. It is essential for
applied mathematicians interested in the dynamic aspects of transport problems and their
connections to evolution equations. The rigorous approach is balanced with discussions on
applications.

6. Topics in Optimal Transportation
This concise book by Cédric Villani presents selected topics and advanced themes in optimal
transport theory. It is suitable for applied mathematicians who already have some background in the
field and wish to deepen their understanding. The book discusses geometric and functional
inequalities arising from transport problems, with applications to analysis and probability.

7. Optimal Transport and Applications
This edited volume collects contributions from various experts, highlighting diverse applications of
optimal transport across engineering, physics, and computer science. It serves as a practical guide
for applied mathematicians seeking to apply transport theory to interdisciplinary problems. Each
chapter focuses on different methods and case studies, illustrating the breadth of the field.

8. Measure Theory and Optimal Transport
This book bridges measure theory foundations with optimal transport, providing a rigorous
mathematical framework for applied mathematicians. It clarifies the role of measures, couplings,
and convergence concepts critical to understanding transport problems. The text is well-suited for
those looking to strengthen their theoretical background before tackling applications.

9. Optimal Transport in Image Processing
Focusing on applications in image analysis, this book demonstrates how optimal transport methods
improve tasks such as image registration, segmentation, and morphing. It is particularly useful for
applied mathematicians working at the intersection of computational imaging and transport theory.
The book combines algorithmic details with practical examples to guide implementation.

Optimal Transport For Applied Mathematicians

Find other PDF articles:
https://new.teachat.com/wwu16/pdf?docid=fcY47-4408&title=state-examination-employment-applica
tion-std-form-678.pdf

# Optimal Transport for Applied Mathematicians

Author: Dr. Eleanor Vance, PhD

Ebook Outline:

Introduction: A gentle introduction to the concept of optimal transport, its historical context, and its

https://new.teachat.com/wwu13/Book?docid=crd29-6963&title=optimal-transport-for-applied-mathematicians.pdf
https://new.teachat.com/wwu16/pdf?docid=fcY47-4408&title=state-examination-employment-application-std-form-678.pdf
https://new.teachat.com/wwu16/pdf?docid=fcY47-4408&title=state-examination-employment-application-std-form-678.pdf


relevance to various applied mathematical fields. Motivating examples and applications will be
presented.

Chapter 1: The Monge-Kantorovich Problem: A rigorous mathematical formulation of the optimal
transport problem, including the Monge and Kantorovich formulations. Discussion of duality and
existence of optimal transport plans.

Chapter 2: Computational Methods: An exploration of numerical methods used to solve the optimal
transport problem, including the simplex method, interior-point methods, and entropic
regularization. Practical considerations and algorithmic efficiency will be discussed.

Chapter 3: Applications in Image Processing and Computer Vision: Detailed examination of optimal
transport's role in image registration, color transfer, and shape analysis. Concrete examples and
case studies will be showcased.

Chapter 4: Applications in Machine Learning: Exploring the use of optimal transport in generative
models, domain adaptation, and metric learning. Connections to Wasserstein distances and their
application in deep learning will be highlighted.

Chapter 5: Advanced Topics: A brief overview of more advanced concepts, including the connection
to partial differential equations, optimal transport on manifolds, and the use of optimal transport in
other fields (e.g., economics, physics).

Conclusion: Summary of key concepts and a look at future research directions in optimal transport.

---

Optimal Transport for Applied Mathematicians

Introduction: A Journey into the World of Optimal Transport

Optimal transport (OT), also known as optimal mass transportation or the Monge-Kantorovich
problem, is a powerful mathematical framework with far-reaching applications across numerous
disciplines. At its core, OT deals with the problem of efficiently moving one probability distribution
into another, minimizing the total cost involved in this transportation. This seemingly simple concept
has profound implications for fields ranging from image processing and computer vision to machine
learning and economics. Unlike traditional distance metrics like Euclidean distance, OT accounts for
the underlying structure and geometry of the data, offering a more nuanced and insightful approach
to comparing and manipulating probability distributions. This introduction aims to lay the
groundwork for a deeper exploration of this fascinating area of applied mathematics. We'll begin by
examining the historical context of OT, tracing its origins back to the seminal work of Gaspard
Monge in the 18th century and its later reformulation by Leonid Kantorovich in the 20th century. We
will then introduce motivating examples to highlight the versatility and importance of OT in modern
applications. These examples will serve to pique your interest and provide a tangible understanding



of the problems OT can effectively address.

Chapter 1: The Monge-Kantorovich Problem: A Mathematical
Foundation

The heart of optimal transport lies in the Monge-Kantorovich problem. Monge's original formulation
posed the problem as finding a map that transports one distribution to another while minimizing the
total cost of transportation. This is elegantly expressed as:

Minimize ∫ c(x, T(x)) dμ(x)

subject to T#μ = ν

where:

μ and ν are the source and target probability measures, respectively.
T is a transport map that maps points from the support of μ to the support of ν.
c(x, y) represents the cost of transporting a unit of mass from point x to point y.
T#μ denotes the pushforward measure of μ under T, ensuring that the mass is correctly transported.

However, Monge's formulation suffers from existence issues. Kantorovich's relaxation offered a
more robust solution by considering probability measures over the product space, representing
transport plans instead of maps. The Kantorovich formulation is given by:

Minimize ∬ c(x, y) dγ(x, y)

subject to γ ∈ Π(μ, ν)

where:

Π(μ, ν) is the set of all joint probability measures with marginals μ and ν.
γ represents a transport plan, indicating the amount of mass transported from x to y.

The Kantorovich formulation guarantees the existence of an optimal transport plan under mild
conditions on the cost function and probability measures. The duality theory associated with the
Kantorovich problem provides further insights and allows for efficient computational approaches.
This chapter will delve deeper into the mathematical details, exploring concepts such as the
existence and uniqueness of optimal transport plans, the duality theorem, and the connection to
linear programming.

Chapter 2: Computational Methods: Solving the Optimal
Transport Problem



While the theoretical framework of OT is elegant, solving the problem computationally can be
challenging, particularly for high-dimensional data. This chapter explores various numerical
methods used to approximate the optimal transport plan. The simplex method, a classic linear
programming algorithm, can be applied to solve the Kantorovich problem directly, particularly for
smaller-scale problems. However, for larger datasets, the computational complexity becomes
prohibitive. Interior-point methods offer a more efficient alternative, leveraging the structure of the
linear program to converge faster. However, these methods can still struggle with the curse of
dimensionality.

A particularly powerful approach involves entropic regularization. By adding an entropic penalty
term to the objective function, the problem becomes smoother and more amenable to efficient
algorithms. The Sinkhorn algorithm, based on iterative scaling, is a popular choice for solving the
entropically regularized optimal transport problem. It's computationally efficient and can handle
large-scale datasets effectively. This chapter will delve into the algorithmic details of these methods,
comparing their strengths and weaknesses, and discussing practical considerations such as
computational complexity, convergence rates, and the impact of regularization parameters.

Chapter 3: Applications in Image Processing and Computer
Vision: Seeing with Optimal Transport

Optimal transport has emerged as a powerful tool in image processing and computer vision, offering
elegant solutions to challenging problems. One prominent application is image registration, where
the goal is to align two images by finding the optimal transformation that maps one image onto the
other. By treating image intensities as probability distributions, OT provides a robust framework for
aligning images even in the presence of significant deformations. The cost function in this context
typically reflects the dissimilarity between pixel intensities.

Another important application is color transfer, where the goal is to transfer the color palette of one
image to another while preserving the structural information. OT can achieve this by aligning the
color histograms of the two images, resulting in a visually appealing and realistic color transfer.
Furthermore, optimal transport has shown promise in shape analysis, enabling the comparison and
morphing of shapes by considering their underlying distributions of points. This chapter will present
concrete examples and case studies, showcasing the effectiveness of OT in these areas and
highlighting its advantages over traditional methods.

Chapter 4: Applications in Machine Learning: A Powerful Tool
for Data Science

The rise of machine learning has further propelled the interest in optimal transport. Its ability to
handle complex probability distributions makes it particularly well-suited for various machine
learning tasks. In generative models, OT can be used to learn the underlying distribution of data,
enabling the generation of new, realistic samples. Wasserstein GANs (Generative Adversarial



Networks) are a prime example, utilizing Wasserstein distances (a special case of OT) to improve
training stability and sample quality.

Domain adaptation, which aims to transfer knowledge learned from one data domain to another, also
benefits from the use of OT. By aligning the distributions of source and target domains, OT helps to
mitigate the impact of domain shift, improving the performance of machine learning models on the
target domain. Furthermore, OT can be leveraged in metric learning to define distances between
data points that are more meaningful and informative than traditional Euclidean distances. This
chapter will explore the specific applications of OT within machine learning, emphasizing its
connections to deep learning and its potential for solving challenging data-driven problems.

Chapter 5: Advanced Topics: Exploring the Frontiers of
Optimal Transport

This chapter provides a brief overview of more advanced topics in optimal transport, providing a
glimpse into the ongoing research and development in this field. The connection between optimal
transport and partial differential equations (PDEs) is particularly noteworthy, leading to powerful
theoretical tools and computational techniques. The Benamou-Brenier formulation, for instance,
casts optimal transport as a fluid mechanics problem, providing a continuous-time perspective on
the transport process.

Optimal transport on manifolds extends the framework to handle data that resides on curved spaces,
relevant in applications such as shape analysis and image processing on non-Euclidean domains.
Finally, optimal transport is finding increasing use in other fields, including economics (resource
allocation), physics (particle systems), and even neuroscience (neural network analysis). This
chapter will briefly touch upon these advanced areas, providing pointers to further reading and
research opportunities.

Conclusion: A Future Shaped by Optimal Transport

Optimal transport has evolved from a theoretical curiosity to a powerful and versatile tool with
significant practical implications across numerous fields. Its ability to handle complex probability
distributions, its inherent geometric insights, and the development of efficient computational
methods have made it an invaluable asset to applied mathematicians. As research continues to
explore the theoretical foundations and practical applications of OT, we can expect further
advancements and a broadening of its influence. The exploration of more efficient algorithms, the
expansion into new application domains, and the deepening of theoretical understanding will
undoubtedly shape the future of optimal transport and its impact on scientific and technological
advancements.

---



FAQs

1. What is the difference between the Monge and Kantorovich formulations of optimal transport?
The Monge formulation seeks an optimal map, while the Kantorovich formulation considers optimal
plans, relaxing the requirement of a one-to-one mapping and guaranteeing existence.

2. What are the computational challenges associated with solving the optimal transport problem?
The curse of dimensionality and the computational complexity of linear programming algorithms are
major challenges, often necessitating approximate solutions.

3. How does entropic regularization improve the computational efficiency of optimal transport
algorithms? It smooths the problem, making it more amenable to efficient iterative algorithms like
the Sinkhorn algorithm.

4. What are Wasserstein distances, and how are they related to optimal transport? Wasserstein
distances are specific metrics derived from the optimal transport problem, quantifying the "distance"
between probability distributions.

5. What are some specific applications of optimal transport in machine learning? Generative models
(e.g., Wasserstein GANs), domain adaptation, and metric learning are key areas.

6. How is optimal transport used in image registration? It aligns images by treating pixel intensities
as probability distributions and finding the optimal transformation minimizing the transport cost.

7. What is the Benamou-Brenier formulation, and what is its significance? It connects optimal
transport to fluid mechanics, providing a continuous-time perspective and alternative solution
methods.

8. What are the limitations of optimal transport? Computational cost for high-dimensional data and
the choice of cost function can influence results.

9. Where can I find further resources to learn more about optimal transport? Numerous research
papers, books, and online courses are available, focusing on different aspects of the theory and
applications.

---

Related Articles:

1. "A Primer on Wasserstein Distances and Their Applications": This article provides a gentle
introduction to Wasserstein distances, highlighting their properties and connections to optimal
transport.

2. "Entropic Regularization for Optimal Transport: A Comprehensive Review": This article reviews
various entropic regularization techniques used in solving optimal transport problems.



3. "Optimal Transport for Image Registration: A Comparative Study": This article compares different
optimal transport-based methods for image registration.

4. "Optimal Transport in Generative Adversarial Networks: A Tutorial": This article explains the use
of optimal transport in the context of GANs.

5. "Domain Adaptation using Optimal Transport: Theory and Applications": This article explores the
application of optimal transport in domain adaptation problems.

6. "Optimal Transport on Manifolds: Theory and Algorithms": This article discusses the extension of
optimal transport to data residing on manifolds.

7. "The Benamou-Brenier Formulation of Optimal Transport: A Numerical Perspective": This article
focuses on numerical methods for solving the Benamou-Brenier formulation.

8. "Optimal Transport for Shape Analysis: A Survey": This article reviews various applications of
optimal transport in shape analysis.

9. "Applications of Optimal Transport in Economics and Finance": This article explores the use of
optimal transport in economic and financial modeling.

  optimal transport for applied mathematicians: Optimal Transport for Applied
Mathematicians Filippo Santambrogio, 2015-10-17 This monograph presents a rigorous
mathematical introduction to optimal transport as a variational problem, its use in modeling various
phenomena, and its connections with partial differential equations. Its main goal is to provide the
reader with the techniques necessary to understand the current research in optimal transport and
the tools which are most useful for its applications. Full proofs are used to illustrate mathematical
concepts and each chapter includes a section that discusses applications of optimal transport to
various areas, such as economics, finance, potential games, image processing and fluid dynamics.
Several topics are covered that have never been previously in books on this subject, such as the
Knothe transport, the properties of functionals on measures, the Dacorogna-Moser flow, the
formulation through minimal flows with prescribed divergence formulation, the case of the supremal
cost, and the most classical numerical methods. Graduate students and researchers in both pure and
applied mathematics interested in the problems and applications of optimal transport will find this to
be an invaluable resource.
  optimal transport for applied mathematicians: Topological Optimization and Optimal
Transport Maïtine Bergounioux, Édouard Oudet, Martin Rumpf, Guillaume Carlier, Thierry
Champion, Filippo Santambrogio, 2017-08-07 By discussing topics such as shape representations,
relaxation theory and optimal transport, trends and synergies of mathematical tools required for
optimization of geometry and topology of shapes are explored. Furthermore, applications in science
and engineering, including economics, social sciences, biology, physics and image processing are
covered. Contents Part I Geometric issues in PDE problems related to the infinity Laplace operator
Solution of free boundary problems in the presence of geometric uncertainties Distributed and
boundary control problems for the semidiscrete Cahn–Hilliard/Navier–Stokes system with
nonsmooth Ginzburg–Landau energies High-order topological expansions for Helmholtz problems in
2D On a new phase field model for the approximation of interfacial energies of multiphase systems
Optimization of eigenvalues and eigenmodes by using the adjoint method Discrete varifolds and
surface approximation Part II Weak Monge–Ampere solutions of the semi-discrete optimal
transportation problem Optimal transportation theory with repulsive costs Wardrop equilibria:
long-term variant, degenerate anisotropic PDEs and numerical approximations On the Lagrangian



branched transport model and the equivalence with its Eulerian formulation On some nonlinear
evolution systems which are perturbations of Wasserstein gradient flows Pressureless Euler
equations with maximal density constraint: a time-splitting scheme Convergence of a fully discrete
variational scheme for a thin-film equatio Interpretation of finite volume discretization schemes for
the Fokker–Planck equation as gradient flows for the discrete Wasserstein distance
  optimal transport for applied mathematicians: Topics in Optimal Transportation Cédric
Villani, 2021-08-25 This is the first comprehensive introduction to the theory of mass transportation
with its many—and sometimes unexpected—applications. In a novel approach to the subject, the
book both surveys the topic and includes a chapter of problems, making it a particularly useful
graduate textbook. In 1781, Gaspard Monge defined the problem of “optimal transportation” (or the
transferring of mass with the least possible amount of work), with applications to engineering in
mind. In 1942, Leonid Kantorovich applied the newborn machinery of linear programming to
Monge's problem, with applications to economics in mind. In 1987, Yann Brenier used optimal
transportation to prove a new projection theorem on the set of measure preserving maps, with
applications to fluid mechanics in mind. Each of these contributions marked the beginning of a
whole mathematical theory, with many unexpected ramifications. Nowadays, the Monge-Kantorovich
problem is used and studied by researchers from extremely diverse horizons, including probability
theory, functional analysis, isoperimetry, partial differential equations, and even meteorology.
Originating from a graduate course, the present volume is intended for graduate students and
researchers, covering both theory and applications. Readers are only assumed to be familiar with
the basics of measure theory and functional analysis.
  optimal transport for applied mathematicians: Optimal Transport Gershon Wolansky,
2021-01-18 The series is devoted to the publication of high-level monographs which cover the whole
spectrum of current nonlinear analysis and applications in various fields, such as optimization,
control theory, systems theory, mechanics, engineering, and other sciences. One of its main
objectives is to make available to the professional community expositions of results and foundations
of methods that play an important role in both the theory and applications of nonlinear analysis.
Contributions which are on the borderline of nonlinear analysis and related fields and which
stimulate further research at the crossroads of these areas are particularly welcome. Editor-in-Chief
J rgen Appell, W rzburg, Germany Honorary and Advisory Editors Catherine Bandle, Basel,
Switzerland Alain Bensoussan, Richardson, Texas, USA Avner Friedman, Columbus, Ohio, USA
Umberto Mosco, Worcester, Massachusetts, USA Louis Nirenberg, New York, USA Alfonso Vignoli,
Rome, Italy Editorial Board Manuel del Pino, Bath, UK, and Santiago, Chile Mikio Kato, Nagano,
Japan Wojciech Kryszewski, Toruń, Poland Vicenţiu D. Rădulescu, Krak w, Poland Simeon Reich,
Haifa, Israel Please submit book proposals to J rgen Appell. Titles in planning include Lucio
Damascelli and Filomena Pacella, Morse Index of Solutions of Nonlinear Elliptic Equations (2019)
Tomasz W. Dlotko and Yejuan Wang, Critical Parabolic-Type Problems (2019) Rafael Ortega,
Periodic Differential Equations in the Plane: A Topological Perspective (2019) Ireneo Peral Alonso
and Fernando Soria, Elliptic and Parabolic Equations Involving the Hardy-Leray Potential (2020)
Cyril Tintarev, Profile Decompositions and Cocompactness: Functional-Analytic Theory of
Concentration Compactness (2020) Takashi Suzuki, Semilinear Elliptic Equations: Classical and
Modern Theories (2021)
  optimal transport for applied mathematicians: Optimal Transport Cédric Villani,
2008-10-26 At the close of the 1980s, the independent contributions of Yann Brenier, Mike Cullen
and John Mather launched a revolution in the venerable field of optimal transport founded by G.
Monge in the 18th century, which has made breathtaking forays into various other domains of
mathematics ever since. The author presents a broad overview of this area, supplying complete and
self-contained proofs of all the fundamental results of the theory of optimal transport at the
appropriate level of generality. Thus, the book encompasses the broad spectrum ranging from basic
theory to the most recent research results. PhD students or researchers can read the entire book
without any prior knowledge of the field. A comprehensive bibliography with notes that extensively



discuss the existing literature underlines the book’s value as a most welcome reference text on this
subject.
  optimal transport for applied mathematicians: Applications of Symmetry Methods to
Partial Differential Equations George W. Bluman, Alexei F. Cheviakov, Stephen Anco, 2009-10-30
This is an acessible book on the advanced symmetry methods for differential equations, including
such subjects as conservation laws, Lie-Bäcklund symmetries, contact transformations, adjoint
symmetries, Nöther's Theorem, mappings with some modification, potential symmetries, nonlocal
symmetries, nonlocal mappings, and non-classical method. Of use to graduate students and
researchers in mathematics and physics.
  optimal transport for applied mathematicians: Computational Optimal Transport
Gabriel Peyre, Marco Cuturi, 2019-02-12 The goal of Optimal Transport (OT) is to define geometric
tools that are useful to compare probability distributions. Their use dates back to 1781. Recent years
have witnessed a new revolution in the spread of OT, thanks to the emergence of approximate
solvers that can scale to sizes and dimensions that are relevant to data sciences. Thanks to this
newfound scalability, OT is being increasingly used to unlock various problems in imaging sciences
(such as color or texture processing), computer vision and graphics (for shape manipulation) or
machine learning (for regression, classification and density fitting). This monograph reviews OT with
a bias toward numerical methods and their applications in data sciences, and sheds lights on the
theoretical properties of OT that make it particularly useful for some of these applications.
Computational Optimal Transport presents an overview of the main theoretical insights that support
the practical effectiveness of OT before explaining how to turn these insights into fast computational
schemes. Written for readers at all levels, the authors provide descriptions of foundational theory at
two-levels. Generally accessible to all readers, more advanced readers can read the specially
identified more general mathematical expositions of optimal transport tailored for discrete
measures. Furthermore, several chapters deal with the interplay between continuous and discrete
measures, and are thus targeting a more mathematically-inclined audience. This monograph will be
a valuable reference for researchers and students wishing to get a thorough understanding of
Computational Optimal Transport, a mathematical gem at the interface of probability, analysis and
optimization.
  optimal transport for applied mathematicians: Gradient Flows Luigi Ambrosio, Nicola
Gigli, Giuseppe Savare, 2008-10-29 The book is devoted to the theory of gradient flows in the
general framework of metric spaces, and in the more specific setting of the space of probability
measures, which provide a surprising link between optimal transportation theory and many
evolutionary PDE's related to (non)linear diffusion. Particular emphasis is given to the convergence
of the implicit time discretization method and to the error estimates for this discretization, extending
the well established theory in Hilbert spaces. The book is split in two main parts that can be read
independently of each other.
  optimal transport for applied mathematicians: An Invitation to Statistics in Wasserstein
Space Victor M. Panaretos, Yoav Zemel, 2020-03-10 This open access book presents the key aspects
of statistics in Wasserstein spaces, i.e. statistics in the space of probability measures when endowed
with the geometry of optimal transportation. Further to reviewing state-of-the-art aspects, it also
provides an accessible introduction to the fundamentals of this current topic, as well as an overview
that will serve as an invitation and catalyst for further research. Statistics in Wasserstein spaces
represents an emerging topic in mathematical statistics, situated at the interface between functional
data analysis (where the data are functions, thus lying in infinite dimensional Hilbert space) and
non-Euclidean statistics (where the data satisfy nonlinear constraints, thus lying on non-Euclidean
manifolds). The Wasserstein space provides the natural mathematical formalism to describe data
collections that are best modeled as random measures on Euclidean space (e.g. images and point
processes). Such random measures carry the infinite dimensional traits of functional data, but are
intrinsically nonlinear due to positivity and integrability restrictions. Indeed, their dominating
statistical variation arises through random deformations of an underlying template, a theme that is



pursued in depth in this monograph.
  optimal transport for applied mathematicians: Model-free Hedging Pierre Henry-Labordere,
2017-05-25 Model-free Hedging: A Martingale Optimal Transport Viewpoint focuses on the
computation of model-independent bounds for exotic options consistent with market prices of liquid
instruments such as Vanilla options. The author gives an overview of Martingale Optimal Transport,
highlighting the differences between the optimal transport and its martingale counterpart. This topic
is then discussed in the context of mathematical finance.
  optimal transport for applied mathematicians: Monotone Operators in Banach Space
and Nonlinear Partial Differential Equations R. E. Showalter, 2013-02-22 The objectives of this
monograph are to present some topics from the theory of monotone operators and nonlinear
semigroup theory which are directly applicable to the existence and uniqueness theory of
initial-boundary-value problems for partial differential equations and to construct such operators as
realizations of those problems in appropriate function spaces. A highlight of this presentation is the
large number and variety of examples introduced to illustrate the connection between the theory of
nonlinear operators and partial differential equations. These include primarily semilinear or
quasilinear equations of elliptic or of parabolic type, degenerate cases with change of type, related
systems and variational inequalities, and spatial boundary conditions of the usual Dirichlet,
Neumann, Robin or dynamic type. The discussions of evolution equations include the usual
initial-value problems as well as periodic or more general nonlocal constraints, history-value
problems, those which may change type due to a possibly vanishing coefficient of the time
derivative, and other implicit evolution equations or systems including hysteresis models. The scalar
conservation law and semilinear wave equations are briefly mentioned, and hyperbolic systems
arising from vibrations of elastic-plastic rods are developed. The origins of a representative sample
of such problems are given in the appendix.
  optimal transport for applied mathematicians: Optimal Transport Methods in
Economics Alfred Galichon, 2018-08-14 Optimal Transport Methods in Economics is the first
textbook on the subject written especially for students and researchers in economics. Optimal
transport theory is used widely to solve problems in mathematics and some areas of the sciences,
but it can also be used to understand a range of problems in applied economics, such as the
matching between job seekers and jobs, the determinants of real estate prices, and the formation of
matrimonial unions. This is the first text to develop clear applications of optimal transport to
economic modeling, statistics, and econometrics. It covers the basic results of the theory as well as
their relations to linear programming, network flow problems, convex analysis, and computational
geometry. Emphasizing computational methods, it also includes programming examples that provide
details on implementation. Applications include discrete choice models, models of differential
demand, and quantile-based statistical estimation methods, as well as asset pricing models.
Authoritative and accessible, Optimal Transport Methods in Economics also features numerous
exercises throughout that help you develop your mathematical agility, deepen your computational
skills, and strengthen your economic intuition. The first introduction to the subject written especially
for economists Includes programming examples Features numerous exercises throughout Ideal for
students and researchers alike
  optimal transport for applied mathematicians: Optimization of Elliptic Systems Pekka
Neittaanmaki, Jürgen Sprekels, Dan Tiba, 2007-01-04 The present monograph is intended to provide
a comprehensive and accessible introduction to the optimization of elliptic systems. This area of
mathematical research, which has many important applications in science and technology. has
experienced an impressive development during the past two decades. There are already many good
textbooks dealing with various aspects of optimal design problems. In this regard, we refer to the
works of Pironneau [1984], Haslinger and Neittaanmaki [1988], [1996], Sokolowski and Zolksio
[1992], Litvinov [2000], Allaire [2001], Mohammadi and Pironneau [2001], Delfour and Zolksio
[2001], and Makinen and Haslinger [2003]. Already Lions [I9681 devoted a major part of his
classical monograph on the optimal control of partial differential equations to the optimization of



elliptic systems. Let us also mention that even the very first known problem of the calculus of
variations, the brachistochrone studied by Bernoulli back in 1696. is in fact a shape optimization
problem. The natural richness of this mathematical research subject, as well as the extremely large
field of possible applications, has created the unusual situation that although many important results
and methods have already been est- lished, there are still pressing unsolved questions. In this
monograph, we aim to address some of these open problems; as a consequence, there is only a
minor overlap with the textbooks already existing in the field.
  optimal transport for applied mathematicians: The Frenkel-Kontorova Model Oleg M.
Braun, Yuri S. Kivshar, 2013-03-14 An overview of the basic concepts, methods and applications of
nonlinear low-dimensional solid state physics based on the Frenkel--Kontorova model and its
generalizations. The book covers many important topics such as the nonlinear dynamics of discrete
systems, the dynamics of solitons and their interaction, commensurate and incommensurate
systems, statistical mechanics of nonlinear systems, and nonequilibrium dynamics of interacting
many-body systems.
  optimal transport for applied mathematicians: An Invitation to Optimal Transport,
Wasserstein Distances, and Gradient Flows Alessio Figalli, Federico Glaudo, 2023-05-15 This
book provides a self-contained introduction to optimal transport, and it is intended as a starting
point for any researcher who wants to enter into this beautiful subject. The presentation focuses on
the essential topics of the theory: Kantorovich duality, existence and uniqueness of optimal transport
maps, Wasserstein distances, the JKO scheme, Otto's calculus, and Wasserstein gradient flows. At
the end, a presentation of some selected applications of optimal transport is given. Suitable for a
course at the graduate level, the book also includes an appendix with a series of exercises along with
their solutions. The second edition contains a number of additions, such as a new section on the
Brunn–Minkowski inequality, new exercises, and various corrections throughout the text.
  optimal transport for applied mathematicians: Multivariate Polysplines Ognyan
Kounchev, 2001-06-11 Multivariate polysplines are a new mathematical technique that has arisen
from a synthesis of approximation theory and the theory of partial differential equations. It is an
invaluable means to interpolate practical data with smooth functions. Multivariate polysplines have
applications in the design of surfaces and smoothing that are essential in computer aided geometric
design (CAGD and CAD/CAM systems), geophysics, magnetism, geodesy, geography, wavelet
analysis and signal and image processing. In many cases involving practical data in these areas,
polysplines are proving more effective than well-established methods, such as kKriging, radial basis
functions, thin plate splines and minimum curvature. - Part 1 assumes no special knowledge of
partial differential equations and is intended as a graduate level introduction to the topic - Part 2
develops the theory of cardinal Polysplines, which is a natural generalization of Schoenberg's
beautiful one-dimensional theory of cardinal splines - Part 3 constructs a wavelet analysis using
cardinal Polysplines. The results parallel those found by Chui for the one-dimensional case - Part 4
considers the ultimate generalization of Polysplines - on manifolds, for a wide class of higher-order
elliptic operators and satisfying a Holladay variational property
  optimal transport for applied mathematicians: Optimal Transportation and Applications
Luigi Ambrosio, Luis A. Caffarelli, Yann Brenier, Giuseppe Buttazzo, Cédric Villani, 2003-01-01
Leading researchers in the field of Optimal Transportation, with different views and perspectives,
contribute to this Summer School volume: Monge-Ampère and Monge-Kantorovich theory, shape
optimization and mass transportation are linked, among others, to applications in fluid mechanics
granular material physics and statistical mechanics, emphasizing the attractiveness of the subject
from both a theoretical and applied point of view. The volume is designed to become a guide to
researchers willing to enter into this challenging and useful theory.
  optimal transport for applied mathematicians: Mathematical Methods in Image
Reconstruction Frank Natterer, Frank Wuebbeling, 2001-01-01 This book provides readers with a
superior understanding of the mathematical principles behind imaging.
  optimal transport for applied mathematicians: Partial Difference Equations Sui Sun



Cheng, 2003-02-06 Partial Difference Equations treats this major class of functional relations. Such
equations have recursive structures so that the usual concepts of increments are important. This
book describes mathematical methods that help in dealing with recurrence relations that govern the
behavior of variables such as population size and stock price. It is helpful for anyone who has
mastered undergraduate mathematical concepts. It offers a concise introduction to the tools and
techniques that have proven successful in obtaining results in partial difference equations.
  optimal transport for applied mathematicians: Applied Mathematical Models in Human
Physiology Johnny T. Ottesen, Mette S. Olufsen, Jesper K. Larsen, 2004-01-01 This book introduces
mathematicians to real applications from physiology. Using mathematics to analyze physiological
systems, the authors focus on models reflecting current research in cardiovascular and pulmonary
physiology. In particular, they present models describing blood flow in the heart and the
cardiovascular system, as well as the transport of oxygen and carbon dioxide through the respiratory
system and a model for baroreceptor regulation.
  optimal transport for applied mathematicians: Gradient Flows Luigi Ambrosio, Nicola Gigli,
Giuseppe Savare, 2006-03-30 This book is devoted to a theory of gradient ?ows in spaces which are
not nec- sarily endowed with a natural linear or di?erentiable structure. It is made of two parts, the
?rst one concerning gradient ?ows in metric spaces and the second one 2 1 devoted to gradient ?ows
in the L -Wasserstein space of probability measures on p a separable Hilbert space X (we consider
the L -Wasserstein distance, p? (1,?), as well). The two parts have some connections, due to the fact
that the Wasserstein space of probability measures provides an important model to which the
“metric” theory applies, but the book is conceived in such a way that the two parts can be read
independently, the ?rst one by the reader more interested to Non-Smooth Analysis and Analysis in
Metric Spaces, and the second one by the reader more oriented to theapplications in Partial
Di?erential Equations, Measure Theory and Probability.
  optimal transport for applied mathematicians: Optimal Transport Yann Ollivier, Hervé
Pajot, Cedric Villani, 2014-08-07 The theory of optimal transportation has its origins in the
eighteenth century when the problem of transporting resources at a minimal cost was first
formalised. Through subsequent developments, particularly in recent decades, it has become a
powerful modern theory. This book contains the proceedings of the summer school 'Optimal
Transportation: Theory and Applications' held at the Fourier Institute in Grenoble. The event
brought together mathematicians from pure and applied mathematics, astrophysics, economics and
computer science. Part I of this book is devoted to introductory lecture notes accessible to graduate
students, while Part II contains research papers. Together, they represent a valuable resource on
both fundamental and advanced aspects of optimal transportation, its applications, and its
interactions with analysis, geometry, PDE and probability, urban planning and economics. Topics
covered include Ricci flow, the Euler equations, functional inequalities, curvature-dimension
conditions, and traffic congestion.
  optimal transport for applied mathematicians: Algorithms for Optimization Mykel J.
Kochenderfer, Tim A. Wheeler, 2019-03-12 A comprehensive introduction to optimization with a
focus on practical algorithms for the design of engineering systems. This book offers a
comprehensive introduction to optimization with a focus on practical algorithms. The book
approaches optimization from an engineering perspective, where the objective is to design a system
that optimizes a set of metrics subject to constraints. Readers will learn about computational
approaches for a range of challenges, including searching high-dimensional spaces, handling
problems where there are multiple competing objectives, and accommodating uncertainty in the
metrics. Figures, examples, and exercises convey the intuition behind the mathematical approaches.
The text provides concrete implementations in the Julia programming language. Topics covered
include derivatives and their generalization to multiple dimensions; local descent and first- and
second-order methods that inform local descent; stochastic methods, which introduce randomness
into the optimization process; linear constrained optimization, when both the objective function and
the constraints are linear; surrogate models, probabilistic surrogate models, and using probabilistic



surrogate models to guide optimization; optimization under uncertainty; uncertainty propagation;
expression optimization; and multidisciplinary design optimization. Appendixes offer an introduction
to the Julia language, test functions for evaluating algorithm performance, and mathematical
concepts used in the derivation and analysis of the optimization methods discussed in the text. The
book can be used by advanced undergraduates and graduate students in mathematics, statistics,
computer science, any engineering field, (including electrical engineering and aerospace
engineering), and operations research, and as a reference for professionals.
  optimal transport for applied mathematicians: Sub-Riemannian Geometry and Optimal
Transport Ludovic Rifford, 2014-04-03 The book provides an introduction to sub-Riemannian
geometry and optimal transport and presents some of the recent progress in these two fields. The
text is completely self-contained: the linear discussion, containing all the proofs of the stated results,
leads the reader step by step from the notion of distribution at the very beginning to the existence of
optimal transport maps for Lipschitz sub-Riemannian structure. The combination of geometry
presented from an analytic point of view and of optimal transport, makes the book interesting for a
very large community. This set of notes grew from a series of lectures given by the author during a
CIMPA school in Beirut, Lebanon.
  optimal transport for applied mathematicians: Introduction to Applied Linear Algebra
Stephen Boyd, Lieven Vandenberghe, 2018-06-07 A groundbreaking introduction to vectors,
matrices, and least squares for engineering applications, offering a wealth of practical examples.
  optimal transport for applied mathematicians: Applied Mathematical Modelling of
Engineering Problems Natali Hritonenko, Yuri Yatsenko, 2003-06-30 The subject of the book is the
know-how of applied mathematical modelling: how to construct specific models and adjust them to a
new engineering environment or more precise realistic assumptions; how to analyze models for the
purpose of investigating real life phenomena; and how the models can extend our knowledge about a
specific engineering process. Two major sources of the book are the stock of classic models and the
authors' wide experience in the field. The book provides a theoretical background to guide the
development of practical models and their investigation. It considers general modelling techniques,
explains basic underlying physical laws and shows how to transform them into a set of mathematical
equations. The emphasis is placed on common features of the modelling process in various
applications as well as on complications and generalizations of models. The book covers a variety of
applications: mechanical, acoustical, physical and electrical, water transportation and contamination
processes; bioengineering and population control; production systems and technical equipment
renovation. Mathematical tools include partial and ordinary differential equations, difference and
integral equations, the calculus of variations, optimal control, bifurcation methods, and related
subjects.
  optimal transport for applied mathematicians: Lectures on Optimal Transport Luigi
Ambrosio, Elia Brué, Daniele Semola, 2021-07-22 This textbook is addressed to PhD or senior
undergraduate students in mathematics, with interests in analysis, calculus of variations, probability
and optimal transport. It originated from the teaching experience of the first author in the Scuola
Normale Superiore, where a course on optimal transport and its applications has been given many
times during the last 20 years. The topics and the tools were chosen at a sufficiently general and
advanced level so that the student or scholar interested in a more specific theme would gain from
the book the necessary background to explore it. After a large and detailed introduction to classical
theory, more specific attention is devoted to applications to geometric and functional inequalities
and to partial differential equations.
  optimal transport for applied mathematicians: Linear Differential Equations and Group
Theory from Riemann to Poincare Jeremy Gray, 2010-01-07 This book is a study of how a particular
vision of the unity of mathematics, often called geometric function theory, was created in the 19th
century. The central focus is on the convergence of three mathematical topics: the hypergeometric
and related linear differential equations, group theory, and on-Euclidean geometry. The text for this
second edition has been greatly expanded and revised, and the existing appendices enriched. The



exercises have been retained, making it possible to use the book as a companion to mathematics
courses at the graduate level.
  optimal transport for applied mathematicians: Partial Differential Equations for
Scientists and Engineers Tyn Myint U., Lokenath Debnath, 1987
  optimal transport for applied mathematicians: Convex Integration Theory David Spring,
2010-12-02 §1. Historical Remarks Convex Integration theory, ?rst introduced by M. Gromov [17], is
one of three general methods in immersion-theoretic topology for solving a broad range of problems
in geometry and topology. The other methods are: (i) Removal of Singularities, introduced by M.
Gromov and Y. Eliashberg [8]; (ii) the covering homotopy method which, following M. Gromov’s
thesis [16], is also referred to as the method of sheaves. The covering homotopy method is due
originally to S. Smale [36] who proved a crucial covering homotopy result in order to solve the
classi?cation problem for immersions of spheres in Euclidean space. These general methods are not
linearly related in the sense that succ- sive methods subsumed the previous methods. Each method
has its own distinct foundation, based on an independent geometrical or analytical insight. Con-
quently, each method has a range of applications to problems in topology that are best suited to its
particular insight. For example, a distinguishing feature of
ConvexIntegrationtheoryisthatitappliestosolveclosed relationsinjetspaces, including certain general
classes of underdetermined non-linear systems of par- 1 tial di?erential equations. As a case of
interest, the Nash-Kuiper C -isometric immersion theorem can be reformulated and proved using
Convex Integration theory (cf. Gromov [18]). No such results on closed relations in jet spaces can be
proved by means of the other two methods. On the other hand, many classical results in
immersion-theoretic topology, such as the classi?cation of immersions, are provable by all three
methods.
  optimal transport for applied mathematicians: Geometric Inequalities Yurii D. Burago,
Viktor A. Zalgaller, 2013-03-14 A 1988 classic, covering Two-dimensional Surfaces; Domains on the
Plane and on Surfaces; Brunn-Minkowski Inequality and Classical Isoperimetric Inequality;
Isoperimetric Inequalities for Various Definitions of Area; and Inequalities Involving Mean
Curvature.
  optimal transport for applied mathematicians: Analysis on Polish Spaces and an
Introduction to Optimal Transportation D. J. H. Garling, 2018 Detailed account of analysis on Polish
spaces with a straightforward introduction to optimal transportation.
  optimal transport for applied mathematicians: The Monge—Ampère Equation Cristian E.
Gutierrez, 2001-05-11 The Monge-Ampère equation has attracted considerable interest in recent
years because of its important role in several areas of applied mathematics. Monge-Ampère type
equations have applications in the areas of differential geometry, the calculus of variations, and
several optimization problems, such as the Monge-Kantorovitch mass transfer problem. This book
stresses the geometric aspects of this beautiful theory, using techniques from harmonic analysis –
covering lemmas and set decompositions.
  optimal transport for applied mathematicians: Princeton Companion to Applied
Mathematics Nicholas J. Higham, Mark R. Dennis, Paul Glendinning, Paul A. Martin, Fadil Santosa,
Jared Tanner, 2015-09-09 The must-have compendium on applied mathematics This is the most
authoritative and accessible single-volume reference book on applied mathematics. Featuring
numerous entries by leading experts and organized thematically, it introduces readers to applied
mathematics and its uses; explains key concepts; describes important equations, laws, and functions;
looks at exciting areas of research; covers modeling and simulation; explores areas of application;
and more. Modeled on the popular Princeton Companion to Mathematics, this volume is an
indispensable resource for undergraduate and graduate students, researchers, and practitioners in
other disciplines seeking a user-friendly reference book on applied mathematics. Features nearly
200 entries organized thematically and written by an international team of distinguished
contributors Presents the major ideas and branches of applied mathematics in a clear and accessible
way Explains important mathematical concepts, methods, equations, and applications Introduces the



language of applied mathematics and the goals of applied mathematical research Gives a wide range
of examples of mathematical modeling Covers continuum mechanics, dynamical systems, numerical
analysis, discrete and combinatorial mathematics, mathematical physics, and much more Explores
the connections between applied mathematics and other disciplines Includes suggestions for further
reading, cross-references, and a comprehensive index
  optimal transport for applied mathematicians: Optimal Transportation Networks Marc
Bernot, Vicent Caselles, Jean-Michel Morel, 2009 The transportation problem can be formalized as
the problem of finding the optimal way to transport a given measure into another with the same
mass. In contrast to the Monge-Kantorovitch problem, recent approaches model the branched
structure of such supply networks as minima of an energy functional whose essential feature is to
favour wide roads. Such a branched structure is observable in ground transportation networks, in
draining and irrigation systems, in electrical power supply systems and in natural counterparts such
as blood vessels or the branches of trees. These lectures provide mathematical proof of several
existence, structure and regularity properties empirically observed in transportation networks. The
link with previous discrete physical models of irrigation and erosion models in geomorphology and
with discrete telecommunication and transportation models is discussed. It will be mathematically
proven that the majority fit in the simple model sketched in this volume.
  optimal transport for applied mathematicians: PETSc for Partial Differential Equations:
Numerical Solutions in C and Python Ed Bueler, 2020-10-22 The Portable, Extensible Toolkit for
Scientific Computation (PETSc) is an open-source library of advanced data structures and methods
for solving linear and nonlinear equations and for managing discretizations. This book uses these
modern numerical tools to demonstrate how to solve nonlinear partial differential equations (PDEs)
in parallel. It starts from key mathematical concepts, such as Krylov space methods,
preconditioning, multigrid, and Newton’s method. In PETSc these components are composed at run
time into fast solvers. Discretizations are introduced from the beginning, with an emphasis on finite
difference and finite element methodologies. The example C programs of the first 12 chapters, listed
on the inside front cover, solve (mostly) elliptic and parabolic PDE problems. Discretization leads to
large, sparse, and generally nonlinear systems of algebraic equations. For such problems,
mathematical solver concepts are explained and illustrated through the examples, with sufficient
context to speed further development. PETSc for Partial Differential Equations addresses both
discretizations and fast solvers for PDEs, emphasizing practice more than theory. Well-structured
examples lead to run-time choices that result in high solver performance and parallel scalability. The
last two chapters build on the reader’s understanding of fast solver concepts when applying the
Firedrake Python finite element solver library. This textbook, the first to cover PETSc programming
for nonlinear PDEs, provides an on-ramp for graduate students and researchers to a major area of
high-performance computing for science and engineering. It is suitable as a supplement for courses
in scientific computing or numerical methods for differential equations.
  optimal transport for applied mathematicians: Optimal Transportation and
Action-Minimizing Measures Alessio Figalli, 2008-07-17 In this book we describe recent
developments in the theory of optimal transportation, and some of its applications to fluid dynamics.
Moreover we explore new variants of the original problem, and we try to figure out some common
(and sometimes unexpected) features in this emerging variety of problems . In Chapter 1 we study
the optimal transportation problem on manifolds with geometric costs coming from Tonelli
Lagrangians, while in Chapter 2 we consider a generalization of the classical transportation problem
called the optimal irrigation problem. Then, Chapter 3 is about the Brenier variational theory of
incompressible flows, which concerns a weak formulation of the Euler equations viewed as a
geodesic equation in the space of measure-preserving diffeomorphism. Chapter 4 is devoted to the
study of regularity and uniqueness of solutions of Hamilton-Jacobi equations applying the
Aubry-Mather theory. Finally, the last chapter deals with a DiPerna-Lions theory for martingale
solutions of stochastic differential equations.
  optimal transport for applied mathematicians: Electrotechnical Systems Igor Korotyeyev,



Valerii Zhuikov, Radoslaw Kasperek, 2010-03-02 Advances in mathematical methods, computer
technology, and electrotechnical devices in particular continue to result in the creation of programs
that are leading to increased labor productivity. Mathematical and simulation programs—and other
programs that unite these two operations—provide the ability to calculate transitional, steady-state
processes, stability conditions, and harmonic composition, and are often used to analyze processes
in power electronic systems. Electrotechnical Systems: Calculation and Analysis with Mathematica
and PSpice explores the potential of two such programs—Mathematica and ORCAD (PSpice)—as
they are used for analysis in various areas. The authors discuss the formulation of problems and the
steps in their solution. They focus on the analysis of transient, steady-state processes and their
stability in non-stationary and nonlinear systems with DC and AC converters. All problems are solved
using Mathematica, and program codes are presented. The authors use ORCAD (PSpice) to compare
the results obtained by employing Mathematica and to demonstrate the peculiarities associated with
its use. This book clearly and concisely illustrates represented expressions, variables, and functions
and the general application of the mathematical pocket Mathematica 4.2 for the analysis of the
electromagnetic processes in electrotechnical systems. It will be a valuable addition to the library of
anyone working with electrotechnical systems.
  optimal transport for applied mathematicians: Freedom in Mathematics Pierre Cartier, Jean
Dhombres, Gerhard Heinzmann, Cédric Villani, 2016-04-26 This book challenges the views put
forward by Pierre Cartier, one of the anchors of the famous Bourbaki group, and Cédric Villani, one
of the most brilliant mathematicians of his generation, who received the Fields Medal in 2010. Jean
Dhombres, mathematician and science historian, and Gerhard Heinzmann, philosopher of science
and also a specialist in mathematics engage in a fruitful dialogue with the two mathematicians,
prompting readers to reflect on mathematical activity and its social consequences in history as well
as in the modern world. Cédric Villani’s popular success proves once again that a common
awareness has developed, albeit in a very confused way, of the major role of mathematics in the
construction and efficiency of natural sciences, which are at the origin of our technologies. Despite
this, the idea that mathematics cannot be shared remains firmly entrenched, a perceived failing that
has even been branded a lack of culture by vocal forces in the media as well as cultural and political
establishment. The authors explore three major directions in their dialogue: the highly complex
relationship between mathematics and reality, the subject of many debates and opposing viewpoints;
the freedom that the construction of mathematics has given humankind by enabling them to develop
the natural sciences as well as mathematical research; and the responsibility with which the
scientific community and governments should address the role of mathematics in research and
education policies.
  optimal transport for applied mathematicians: Topological Optimization and Optimal
Transport Maïtine Bergounioux, Édouard Oudet, Martin Rumpf, Guillaume Carlier, Thierry
Champion, Filippo Santambrogio, 2017-08-07 By discussing topics such as shape representations,
relaxation theory and optimal transport, trends and synergies of mathematical tools required for
optimization of geometry and topology of shapes are explored. Furthermore, applications in science
and engineering, including economics, social sciences, biology, physics and image processing are
covered. Contents Part I Geometric issues in PDE problems related to the infinity Laplace operator
Solution of free boundary problems in the presence of geometric uncertainties Distributed and
boundary control problems for the semidiscrete Cahn–Hilliard/Navier–Stokes system with
nonsmooth Ginzburg–Landau energies High-order topological expansions for Helmholtz problems in
2D On a new phase field model for the approximation of interfacial energies of multiphase systems
Optimization of eigenvalues and eigenmodes by using the adjoint method Discrete varifolds and
surface approximation Part II Weak Monge–Ampere solutions of the semi-discrete optimal
transportation problem Optimal transportation theory with repulsive costs Wardrop equilibria:
long-term variant, degenerate anisotropic PDEs and numerical approximations On the Lagrangian
branched transport model and the equivalence with its Eulerian formulation On some nonlinear
evolution systems which are perturbations of Wasserstein gradient flows Pressureless Euler



equations with maximal density constraint: a time-splitting scheme Convergence of a fully discrete
variational scheme for a thin-film equatio Interpretation of finite volume discretization schemes for
the Fokker–Planck equation as gradient flows for the discrete Wasserstein distance
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